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Abstract. The paper presents the theory of the discontinuous Galerkin finite element
method for the space-time discretization of a linear nonstationary convection-diffusion-
reaction initial-boundary value problem. The discontinuous Galerkin method is applied
separately in space and time using, in general, different nonconforming space grids on dif-
ferent time levels and different polynomial degrees p and q in space and time discretization,
respectively. In the space discretization the nonsymmetric interior and boundary penalty
approximation of diffusion terms is used. The paper is concerned with the proof of error
estimates in “L2(L2)”- and “
√
εL2(H1)”-norms, where ε > 0 is the diffusion coefficient.
Using special interpolation theorems for the space as well as time discretization, we find
that under some assumptions on the shape regularity of the meshes and a certain regularity
of the exact solution, the errors are of order O(hp + τ q). The estimates hold true even in
the hyperbolic case when ε = 0.
Keywords: nonstationary convection-diffusion-reaction equation, space-time discontinu-
ous Galerkin finite element discretization, nonsymmetric treatment of diffusion terms, error
estimates
MSC 2000 : 65M60, 65M15, 65M12
1. Introduction
A number of complex problems from science and technology (aerospace engineer-
ing, turbomachinery, oil recovery, meteorology, environmental protection etc.) re-
quire to apply new efficient, robust, reliable and highly accurate numerical methods.
It is necessary to develop techniques that allow to realize numerical approximations of
This work was part of the project No. MSM 0021620839 financed by the Ministry of
Education of the Czech Republic and was partly supported under Grant No. 201/05/0005
of the Grant Agency of the Czech Republic.
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strongly nonlinear singularly perturbed systems in domains with complex geometry
whose solutions contain internal or boundary layers.
An excellent candidate to overcome these difficulties is the discontinuous Galer-
kin finite element (DGFE) method, which becomes more and more popular in the
solution of a number of problems.
The DGFE method uses piecewise polynomial approximations of the sought solu-
tion on a finite element mesh without any requirement on continuity between neigh-
bouring elements and can be considered a generalization of the finite volume and
finite element methods. It allows to construct higher order schemes in a natural
way and is suitable for approximation of discontinuous solutions of conservation
laws or solutions of singularly perturbed convection-diffusion problems having steep
gradients. This method exploites advantages of the finite element method and fi-
nite volume schemes with an approximate Riemann solver and can be applied on
unstructured grids which are generated for most complex geometries.
The original DGFE method was introduced in [36] for the solution of a neutron
transport linear equation and analyzed theoretically in [32] and later in [30]. Almost
simultaneously the DGFE techniques were developed for the numerical solution of
elliptic problems ([50]) and space semidiscretization of parabolic problems ([21], [1]),
using the interior penalty Galerkin methods. In these works the symmetric approx-
imation of the diffusion terms is used, called the SIPG (symmetric interior penalty
Galerkin) method. Quite popular is the NIPG (nonsymmetric interior penalty Galer-
kin) method which was first introduced in [40]. Theoretical analysis of various types
of the DGFE method applied to elliptic problems can be found, e.g., in [4], [2], [3]
and [41].
The DGFE method found very soon a number of applications. Let us mention in
particular the solution of nonlinear conservation laws ([11], [29], [19]) and compress-
ible flow ([5], [6], [7], [13], [15], [17], [24], [26], [48]). A survey of DGFE methods,
techniques and some applications can be found in [9] and [10].
In the discretization of nonstationary problems, one often uses the space semidis-
cretization, also called the method of lines. In this approach, the DGFE discretiza-
tion with respect to space variables only is applied, whereas time remains continuous.
This leads to a large system of ordinary differential equations which can be solved
numerically by a suitable ODE solver. (See, e.g., [38], [39], [18], [20], [16], [45], [46],
[47].) In CFD and conservation laws, usually Runge-Kutta methods are used, which
however are conditionally stable. Therefore, it is suitable to apply implicit or semi-
implicit methods. In [38] implicit θ-schemes are analyzed, [16] is concerned with the
analysis of a semi-implicit linearized scheme for a nonlinear convection-diffusion prob-
lem and in [15] an efficient semi-implicit method for the solution of compressible Euler
equations was developed. However, these methods have low order of accuracy in time.
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Numerical simulation of strongly nonstationary transient problems requires the
application of numerical schemes of high order of accuracy in space as well as in
time. From this point of view, it appears suitable to use the discontinuous Galerkin
discretization with respect to both space and time. The discontinuous Galerkin time
discretization was introduced and analyzed, e.g., in [22] for the solution of ordinary
differential equations. In [23], [43], [44] and [49], the discontinuous Galerkin time
semidiscretization, combined with conforming space finite element discretization,
is applied to linear parabolic problems. On the other hand, the works [29] and
[48] apply the full DG discretization in the space-time domain. This requires to
construct a mesh in the space-time cylinder, which may be a quite complicated task
for 3D problems.
In this paper we are concerned with the space-time discontinuous Galerkin dis-
cretization applied separately in space and in time for the numerical solution of a
nonstationary convection-diffusion-reaction equation. We follow and extend the re-
sults from [25], where the discontinuous Galerkin space semidiscretization of this
problem was analyzed. In the present paper the time interval is split into subinter-
vals and on each time level a different space mesh may be used in general. This
approach is suitable particularly in the case when the space mesh adaptivity is per-
formed in the course of increasing time. Moreover, the triangulations used for the
space discretization may be nonconforming with hanging nodes. In the discontinuous
Galerkin formulation we use the nonsymmetric version of discretization of the diffu-
sion terms and the interior and boundary penalty (i.e., the NIPG method). For the
space and time discretization, piecewise polynomial approximations of different or-
ders p and q, respectively, are used. An important ingredient is the use of upwinding
in the space discretization which consists, roughly speaking, in considering only the
information that is brought from the position opposite to the streamwise direction.
Under the assumption that the triangulations on all time levels are uniformly shape
regular, h ∼ τ (space and time steps are comparable) and the exact solution has some
regularity properties, error estimates are derived for this space-time DGFE method
which are uniform with respect to the diffusion coefficient ε→ 0+ and are valid even
in the hyperbolic case when ε = 0.
The structure of the paper is as follows: First, the continuous problem is formu-
lated and the main assumptions are introduced. Further, the discontinuous Galerkin
discretization in space and time is described. In the next section, some auxiliary
results concerning properties of forms appearing in the definition of the approximate
solution are obtained. Then the error estimates of the DG space-time discretization
are proved. These results are compared with numerical experiments. In Appendix,
rather technical proofs of some estimates are presented.
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2. Continuous problem
Let Ω ⊂   d (d = 2 or 3) be a bounded polyhedral domain and T > 0. We consider






+ v · ∇u− ε4u+ cu = g in QT ,(2.1)




= uN on ∂Ω+ × (0, T ),(2.3)
u(x, 0) = u0(x), x ∈ Ω.(2.4)
We assume that ∂Ω = ∂Ω− ∪ ∂Ω+ and
v(x, t) · n(x) < 0 on ∂Ω−,(2.5)
v(x, t) · n(x) > 0 on ∂Ω+ for all t ∈ [0, T ].(2.6)
Here n(x) is the unit outer normal to the boundary ∂Ω of Ω, ∂Ω− is the inflow
boundary and ∂Ω+ is the outflow boundary. In the case ε = 0 we put uN = 0 and
ignore the Neumann condition (2.3).
We use the standard notation of function spaces. If ω is a bounded domain, then
we define the Lebesgue spaces
L∞(ω) = {measurable functions ϕ : ‖ϕ‖L∞(ω) = {essupx∈ω|ϕ(x)| <∞},
L2(ω) =
{







and the Sobolev space
Hk(ω) =
{















We also use the Bochner spaces. Let X be a Banach space with a norm ‖ · ‖X and
a seminorm | · |X and let s be an integer. Then we define:
C([0, T ];X) =
{





L2(0, T ;X) =
{







Hs(0, T ;X) =
{
ϕ ∈ L2(0, T ;X) : ∂
αϕ
∂tα
∈ L2(0, T ;X), α = 1, . . . , s
}
,
where the derivatives ∂αϕ/∂tα are considered in the sense of distributions on (0, T ).
The norm in Hs(0, T ;X) is defined as




































Assumptions on data (A)
We assume that the data satisfy the following conditions:
a) g ∈ C([0, T ];L2(Ω)),
b) u0 ∈ L2(Ω),
c) uD is the trace of some u∗ ∈ C([0, T ];H1(Ω)) ∩ L∞(QT ) on ∂Ω− × (0, T ),
d) v ∈ C([0, T ];W 1,∞(Ω)), v, div v bounded by a constant Cv a.e. in QT ,
e) c ∈ C([0, T ];L∞(Ω)), |c(x, t)| 6 Cc a.e. in QT ,
f) c− 12 div v > γ0 > 0 in QT with a constant γ0,
g) uN ∈ C([0, T ];L2(∂Ω+)),
h) ε > 0.
With the aid of techniques from [37] and [33], it is possible to prove that there exists
a unique weak solution. Moreover, it satisfies the condition ∂u/∂t ∈ L2(QT ). We will
assume that the weak solution u is sufficiently regular, so that it satisfies problem
(2.1)–(2.4) pointwise.
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Ki (ih ⊂ {0, 1, 2, . . .} is a suitable index set) be a triangulation
of the closure of the domain Ω into a finite number of closed triangles (d = 2) or
tetrahedra (d = 3). If two elements Ki,Kj ∈ Th contain a nonempty open part of
their sides, we call them neighbours. In this case we put Γij = Γji = ∂Ki ∩ ∂Kj .
For i ∈ ih we set sh(i) = {j ∈ ih; Kj is a neighbour of Ki}. The boundary ∂Ω is
formed by a finite number of faces of elements Ki adjacent to ∂Ω. We denote all
these boundary faces by Sj where j ∈ ibh ⊂ Z− = {−1,−2, . . .} and set γh(i) = {j ∈
ibh; Sj is a face of Ki}, Γij = Sj for Ki ∈ Th such that Sj ⊂ ∂Ki, j ∈ ibh. For Ki
not containing any boundary face Sj we put γh(i) = ∅. Obviously, sh(i) ∩ γh(i) = ∅








In what follows, we shall call Γij faces. As we see, we admit nonconforming triangu-
lations with hanging nodes.
For K ∈ Th, by hK and %K we denote the diameter of K and the diameter of the
largest ball inscribed in K, respectively. We set h = max
K∈Th
hK .
We introduce the so-called fractional Sobolev space
(3.2) Hk(Ω, Th) = {ϕ; ϕ|K ∈ Hk(K) ∀K ∈ Th}







For ϕ ∈ H1(Ω, Th) we introduce the following notation:
ϕ|Γij = the trace of ϕ|Ki on Γij ,(3.4)





[ϕ]Γij = ϕ|Γij − ϕ|Γji ,(3.7)
nij = the unit outer normal to ∂Ki on the face Γij .(3.8)
Further, for i ∈ ih we set
∂K−i (t) = {x ∈ ∂Ki : v(x, t) · n(x) < 0},(3.9)
∂K+i (t) = {x ∈ ∂Ki : v(x, t) · n(x) > 0}.(3.10)
202
(n denotes here the unit outer normal to ∂Ki). In the sequel we often drop the
dependence of ∂K+i and ∂K
−
i on time in our notation.
In the paper [25] we derived and analyzed the following space-semidiscretization





+Ah(uh(t), ϕh) = lh(ϕh)(t) ∀ϕh ∈ Sph ∀ t ∈ (0, T ),(3.11)
(uh(0), ϕh) = (u0, ϕh) ∀ϕh ∈ Sph,(3.12)
where
Ah(u, ϕ) = ah(u, ϕ) + bh(u, ϕ) + ch(u, ϕ) + εJh(u, ϕ),(3.13)
Sph = {ϕ ∈ L2(Ω); ϕ|K ∈ Pp(K) ∀K ∈ Th},(3.14)
Pp(K) = set of polynomials of degree at most p on K,(3.15)






























































































(v · n)uD(t)ϕ dS.
We discretize problem (3.11)–(3.12) also in time using the discontinuous Galerkin
method (see, e.g., [44]). For this purpose, we consider a partition 0 = t0 < t1 < . . . <
tM = T of the time interval [0, T ] and denote Im = (tm−1, tm), Im = [tm−1, tm],
τm = tm − tm−1, m = 1, . . . ,M . We have
(3.22) [0, T ] =
M⋃
i=1
Im, Im ∩ In = ∅ for m 6= n.
For a function ϕ defined on
M⋃
i=1
(tm−1, tm) we introduce the notation
ϕ±m = ϕ(tm±) = lim
t→tm±
ϕ(t),(3.23)
{ϕ}m = ϕ+m − ϕ−m.(3.24)
For each time interval Im, m = 1, . . . ,M , we will consider, in general, a different
triangulation Th,m = {Ki}i∈ih,m of the domain Ω (in general, with hanging nodes).
Therefore, for different intervals Im we have different sh,m, S
p
h,m, ah,m, bh,m, Jh,m,
lh,m, Ah,m, etc. Hence, we set
Sph,m = {ϕ ∈ L2(Ω); ϕ|K ∈ Pp(K) ∀K ∈ Th,m},(3.25)

























































































(v · n)uD(t)ϕ dS,
and
(3.31) Ah,m(u, ϕ) = ah,m(u, ϕ) + bh,m(u, ϕ) + ch,m(u, ϕ) + εJh,m(u, ϕ).
We set
(3.32) hm = max
K∈Th,m
hK , h = max
m=1,...,M
hm and τ = max
m=1,...,M
τm.
Let q > 1 be an integer. The approximate solution is defined as a function
U(x, t) ∈ Sp,qh,τ(3.33)
=
{
ϕ ∈ L2(QT ); ϕ|Im =
q∑
i=0







((U ′, ϕ) +Ah,m(U,ϕ)) dt+
M∑
m=2






lh,m(ϕ) dt+ (u0, ϕ+0 ) ∀ϕ ∈ Sp,qh,τ .
205
Here and in the sequel the symbols f ′ and f ′′ will mean the first and second order






((u′, v) +Ah,m(u, v)) dt+
M∑
m=2






lh,m(v) dt+ (u0, v+0 ),
we can write (3.34) in the form
(3.36) B(U,ϕ) = L(ϕ) ∀ϕ ∈ Sp,qh,τ .
It is possible to show that the regular exact solution u satisfies the identity B(u, ϕ) =
L(ϕ) for all ϕ ∈ Sp,qh,τ and, thus, we have
(3.37) B(U,ϕ) = B(u, ϕ) ∀ϕ ∈ Sp,qh,τ .
By u and U we shall always denote the exact solution of problem (2.1)–(2.4) and the
approximate solution obtained from (3.36), respectively. We denote
(3.38) e = U − u,
the error of the method. Our goal is the analysis of error estimates of the space-
time DGFE method (3.36). To this end, we assume in the sequel that the system
of triangulations Th,m, m = 1, . . . ,M , h ∈ (0, h0), is shape regular : there exists a




6 CT , K ∈ Th,m, m = 1, . . . ,M, h ∈ (0, h0).
Moreover, we assume that there exists a constant CD > 0 such that
(3.40) hKi 6 CD diam(Γij), Ki ∈ Th,m, Γij ⊂ ∂Ki, m = 1, . . . ,M, h ∈ (0, h0).
This means that Γij do not degenerate with respect to hKi if h → 0+. (This as-
sumption will play an important role in the proof of (6.41)). It is obvious that
diam(Γij) 6 hKi .
Important tools in the derivation of the error estimates are the multiplicative trace
inequality (see [18], Lemma 3.1)
‖v‖2L2(∂K) 6 CM (‖v‖L2(K)|v|H1(K) + h−1K ‖v‖2L2(K)),(3.41)
v ∈ H1(K), K ∈ Th,m, m = 1, . . . ,M, h ∈ (0, h0),
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and the inverse inequality (see [8], proof of Theorem 3.2.6)
|v|H1(K) 6 CIh−1K ‖v‖L2(K),(3.42)
v ∈ Sph,m, K ∈ Th,m, m = 1, . . . ,M, h ∈ (0, h0).
In what follows, by C we shall denote a generic constant, independent of h and
m, assuming in general different values at different places.
4. Properties of the forms A, B
In this section we prove some basic properties of the forms A and B (Lemmas 1,
2, 3).
Lemma 1. We can express B in the form





((−u, v′) +Ah,m(u, v)) dt−
M−1∑
m=1
(u−m, {v}m) + (u−M , v−M ).



































m − v+m) + (u−M , v−M ).

Lemma 2. We have



























(v′, v) +Ah,m(v, v) dt+
M−1∑
m=1






(−v, v′) +Ah,m(v, v) dt+
M−1∑
m=1
(−v−m, {v}m) + (v−M , v−M ).
We arrive at (4.2) by adding these identities and dividing by two. 




|v · n|v2 dS for Γ ⊂ ∂K, K ∈ Th,m.
Lemma 3. The forms Ah,m are coercive:
(4.4) Ah,m(v, v) > ‖v‖2E,m, v ∈ H1(Ω, Th,m),
where
‖v‖2E,m = ε|v|2H1(Ω,Th,m) + γ0‖v‖
2






(‖v‖2v,∂Ki∩∂Ω + ‖[v]‖2v,∂K−i \∂Ω).

. Using a process similar to that in (5.5)–(5.8) from [25] and following [14],
we find that














(‖v‖2v,∂Ki∩∂Ω + ‖[v]‖2v,∂K−i \∂Ω), v ∈ H
1(Ω, Th,m),
which together with assumption (A) f) yields (4.4). 
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5. Abstract error estimate
In the derivation of error estimates we make use of a space-time interpolation of
the exact solution, defined similarly to [43]:
πu ∈ Sp,qh,τ ,(5.1) ∫
Im
(πu− u, ϕ∗) dt = 0 ∀ϕ∗ ∈ Sp,q−1h,τ , m = 1, . . . ,M,(5.2)
πu(tm−) = Πmu(tm−), m = 1, . . . ,M,(5.3)
where Πm is the L2-projection to S
p
h,m in space. This means that taking v ∈ L2(Ω),
we have Πmv ∈ Sph,m and (Πmv − v, ϕ) = 0 for all ϕ ∈ S
p
h,m.
Lemma 4. The projection πu is determined by (5.1)–(5.3) uniquely.

. Let f, g ∈ Sp,qh,τ be two π-projections of u. Then for ϕ = f − g we have
∫
Im
(ϕ, ϕ∗) dt = 0 ∀ϕ∗ ∈ Sp,q−1h,τ , ϕ(tm−) = 0.












(ϕ, ϕ′′) dt = −‖ϕ′‖2L2(Im×Ω).
This and the condition ϕ(tm−) = 0 imply that ϕ = 0, which we wanted to prove. 
In what follows, we derive error estimates in terms of the π-interpolation error
(Lemmas 5, 6, 7, 8).
Lemma 5. We have









((πu− u)−m, {U − πu}m).
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
. From (3.37) and (4.1) we get















((u− πu)−m, {U − πu}m) + ((u− πu)−M , (U − πu)−M ).
The first term on the second line vanishes due to (5.2). The second term on the last
line is also zero, because we have
(5.5) ((u− πu)−M , ϕ) = ((u−ΠMu)−M , ϕ) + ((ΠMu− πu)−M , ϕ)
for ϕ ∈ Sph,M and both terms on the right-hand side of (5.5) vanish (the first term
because of the properties of the L2-projection and the other due to (5.3)). 
The sum on the last line in (5.4) does not vanish because, in general, {U−πu}m /∈
Sph,m, as we use different triangulations of Ω on different time levels.
Under the notation
ξ = U − πu (∈ Sp,qh,τ ),(5.6)
η = πu− u (interpolation error),(5.7)
we have e = ξ + η and (5.4) can be rewritten as









The quantities u, U , η, ξ depend, of course, on x, t but usually we do not emphasize
this dependence by notation, for the sake of simplicity.
Lemma 6. Let us denote

















Then there exists a constant CA independent of u, U , h, ε such that
(5.10) |Ah,m(η, ξ)| 6 CA‖ξ‖E,mσm(η;h, ε).
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
. We use the estimates already derived in [14] and [25]. We begin with
the form ah,m (see [14], proof of Lemma 3.8):












































































(v · n)ξη dS −
∫
∂K−i ∩∂Ω
(v · n)ξη dS −
∫
∂K−i \∂Ω
(v · n)ξ[η] dS
)∣∣∣∣.
























ηξ div v dx
∣∣∣∣ 6 Cv‖η‖L2(Ω)‖ξ‖L2(Ω)
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(v · n)ξη dS +
∫
∂K−i \∂Ω


























































































On the basis of the above estimates for ah,m, bh,m, ch and Jh,m we deduce (5.10). 
From the estimates for bh,m and ch we see that it is necessary to have γ0 > 0 as
assumed in (A) f). However, this assumption is not restrictive, as shown in [25].






















Ah,m(ξ, ξ) dt+ ‖ξ‖2T(5.20)










(5.21) Ah,m(ξ, ξ) > ‖ξ‖2E,m,
and by Lemma 6,
(5.22) |Ah,m(η, ξ)| 6 CA‖ξ‖E,mσm(η;h, ε).



































































This and the inequality (a+ b)2 6 2(a2 + b2) already imply (5.19). 
From the inequality ‖e‖2 6 2(‖ξ‖2 + ‖η‖2), Lemma 7 and definitions (4.5), (5.9)
of ‖ · ‖E,m and σm we deduce the following abstract error estimate.





























6. Approximation properties of the interpolation π
In order to obtain an estimate of e in terms of h and τ , we shall investigate the
approximation properties of the operator π, using the technique applied in [43].
Lemma 9. We have
(6.1) πu|Im = π(Πmu)|Im .

. Since Πm is the space L2-projection, it follows from (5.2) that
∫
Im
(πu−Πmu, ϕ∗) dt =
∫
Im
(πu− u, ϕ∗) = 0
for every ϕ∗ ∈ Sp,q−1h,τ . This means that (5.2) is satisfied for Πmu. Condition (5.3) is
satisfied because Πm(Πmu) = Πmu. 
The analysis of approximation properties of the operator π with respect to time
is based on the transformation of time integrals over the intervals Im to integrals
over (−1, 1) with the aid of an affine mapping Qm of (−1, 1) onto Im, and the use
of approximations by Legendre orthogonal polynomials defined on (−1, 1).










Polynomials Li, i = 0, 1, . . ., form an orthogonal basis in L2(−1, 1) and satisfy
Li(1) = 1.
Definition 2. Let us set
(6.2) Ŝp,qh,m =
{








The projection defined in the same way as π, but on the reference interval (−1, 1),
will be denoted by π̂m. More accurately,
π̂mw ∈ Ŝp,qh,m,(6.3) ∫ 1
−1
(π̂mw − w,ϕ∗) dζ = 0 ∀ϕ∗ ∈ Ŝp,q−1h,m ,(6.4)
π̂mw(1−) = Πmw(1−)(6.5)
for w ∈ C([−1, 1];L2(Ω)).
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It is possible to find that
(πu)|Im = πImu, m = 1, . . . ,M,
where
(6.6) πImu = (π̂m(u ◦Qm)) ◦Q−1m








(2t− tm − tm−1) = ζ, t ∈ Im.(6.8)
Lemma 10. The projection π̂m can be expressed with the aid of the Legendre

















wiLi, wi ∈ Sph,m.

. a) Similarly to Lemma 4 it is possible to prove that there exists at
most one function π̂w satisfying conditions (6.3)–(6.5). (Another proof can be found
in [43], Lemma 1.1.)
b) Further, let w ∈ C([−1, 1];L2(Ω)). Then Πmw ∈ C([−1, 1];Sph,m) can be
expressed in the form (6.10). Let w̃ ∈ Sph,m and k 6 q − 1. Then w̃Lk ∈ Ŝ
p,q−1
h,m . By
the definition of Πmw we have














It follows from (6.12) and (6.11) that
∫ 1
−1
















Now, denoting ω = Πmw(1−)−
q−1∑
i=0
wi and using (6.10) and the orthogonality of the











wiLi + ωLq, w̃Lk
)
dϑ = 0.
This implies that condition (6.4), where we write π instead of π̂, is satisfied.
Moreover, by (6.10) and (6.12) and the relation Li(1) = 1 we easily show that
(6.5), where π̂ is replaced by π, holds.
From both parts a) and b) of the proof we conclude that π̂ = π, which we wanted
to prove. 
Now we shall seek estimates of the norms ‖η‖L2(Im;X), where η = u − πu and
X denotes the spaces appearing on the right-hand side of (5.24), e.g. X = L2(Ki),
X = H1(Ω, Th,m), etc.—see definitions (4.5), (5.9). Let us set vm = Πmu ◦ Qm.
(Due to the regularity assumption (6.24) on the exact solution u introduced later,
vm ∈ C([−1, 1];L2(Ω). Moreover, Πmvm = vm.) The relation
η|Im = (πu− u)|Im = πImu−Πmu+ Πmu− u|Im = πΠmu− Πmu+ Πmu− u|Im
and the substitution theorem imply that
‖η‖L2(Im;X) 6 ‖u−Πmu‖L2(Im;X) + ‖Πmu− πΠmu‖L2(Im;X)(6.15)
= ‖u−Πmu‖L2(Im;X)






Let us denote by P̂ the L2-time-projection to Pq(−1, 1) (space of all polynomials
depending on ζ ∈ (−1, 1) of degree at most q). Let us expand the function vm using
Legendre polynomials as vm =
∞∑
i=0







Lk dt = 0, k = 0, . . . , q,
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we have




Now, by Lemma 10 applied to w = vm, we find that




































. See [43], p. 23. 







. Using the substitution t = Qm(ζ), we find that














Lemma 13. Let us define Pm as the L2-time-projection to Pq(Im). Then




‖(Πmu)′ − ψ′‖L2(Im;X) ∀ψ ∈ Sp,qh,τ .
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‖(Πmu− PmΠmu) ◦Qm‖2X dζ
)1/2
= ‖Πmu− PmΠmu‖L2(Im;X).
This and (6.15)–(6.18) imply that





Substituting u := u− ψ in (6.20), ψ ∈ Sp,qh,τ , and taking into account that
Πmψ = ψ|Im = PmΠmψ,(6.21)
(Πmψ)′ = (ψ|Im)′,(6.22)
πψ = ψ,(6.23)
we arrive at (6.19). 
We will assume that the exact solution u satisfies the regularity condition
(6.24) u ∈ H = Hq+1(0, T ;H1(Ω)) ∩ C(0, T ;Hp+1(Ω))
for some integers p, q > 1.
Lemma 14. There exist constants CΠ and CP such that
‖v(t)−Πmv(t)‖L2(K) 6 CΠhp+1m |v(t)|Hp+1(K) ∀K ∈ Th, a.a. t ∈ (0, T ),(6.25)
|v(t)−Πmv(t)|H1(K) 6 CΠhp|v(t)|Hp+1(K) ∀K ∈ Th, a.a. t ∈ (0, T ),(6.26)
‖v(t)−Πmv(t)‖L2(Ω) 6 CΠhp+1m |v(t)|Hp+1(Ω) for a.a. t ∈ (0, T ),(6.27)
|v(t) −Πmv(t)|H1(Ω,Th,m) 6 CΠhp|v(t)|Hp+1(Ω) for a.a. t ∈ (0, T ),(6.28)
|v(t) −Πmv(t)|H2(Ω,Th,m) 6 CΠhp−1|v(t)|Hp+1(Ω) for a.a. t ∈ (0, T ),(6.29)
‖v(x) − Pmv(x)‖L2(Im) 6 CP τ q+1m |v(x)|Hq+1(Im) for a.a. x ∈ Ω,(6.30)
|v(x) − Pmv(x)|H1(Im) 6 CP τ qm|v(x)|Hq+1(Im) for a.a. x ∈ Ω(6.31)
for m = 1, . . . ,M and v ∈ H.
218

. For the proof of estimates (6.25)–(6.29), see [25], Lemma 4.1. The last
two estimates (6.30), (6.31) can be proved in a similar way using the transforma-
tions Qm and standard scaling arguments. 
Lemma 15. We have
‖Πmv‖L2(K) 6 ‖v‖L2(K),(6.32)
|Πmv|H1(K) 6 CB |v|H1(K)(6.33)
for v ∈ H1(Ω, Th,m), K ∈ Th,m, m = 1, . . . ,M , with a constant CB independent of v,
K, m.

is easily carried out on the basis of results from [8]. 
Now we attack the derivation of the error estimates. We start from estimate (5.24).
































Taking into account inequality (6.19) where we set ψ = PmΠmu, we need to estimate
the norms of the expressions
(6.36) u−Πmu, Πmu− PmΠmu, (Πmu− PmΠmu)′.




hK 6 τm 6 CShK , K ∈ Th,m, m = 1, . . . ,M.
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We denote C̃q = 1 + 14C
2
q with Cq from Lemma 11. Then
∫
Im


































































‖η−m‖2L2(Ω) 6 C2ΠĈSTh2p+1‖u‖2C([0,T ];Hp+1(Ω)).(6.44)

of this lemma is rather technical. For the sake of completeness of the
exposition, we will prove it in Appendix.
Now, using the abstract error estimate from Lemma 8, relation (6.35) and esti-
mates from Lemma 16, we finally arrive (for h, τ < 1) at the main result :
Theorem 1. Let assumptions (A) a)–h), (3.39), (3.40) and (6.37) be satisfied. Let
u be the exact solution of problem (2.1)–(2.4) satisfying the condition u ∈ H, where
the space H is defined by (6.24), and let U denote the approximate solution obtained
with the aid of the method (3.36). Then there exists a constant C independent of h,
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‖e‖2E,m dt 6 Ch2p{|u|2L2(0,T ;Hp+1(Ω)) + |u|2C([0,T ];Hp+1(Ω))}(6.45)
+ Cτ2q{|u|2Hq+1(0,T ;L2(Ω)) + |u|2Hq+1(0,T ;H1(Ω))}.
This estimate is also valid for ε = 0, i.e. in the hyperbolic case.
7. Numerical experiments
In this section we present some numerical experiments with the space-time DGFE
method described and analyzed in the previous sections. We solve equation (2.1)
in QT = (0, 1)2 × (0, 1) with v1 = v2 = 1, c = 0.5 and two choices of ε: ε = 0.005
(parabolic case) and ε = 0 (hyperbolic case). The right-hand side g and the boundary
and initial conditions are chosen in such a way that they conform to the exact solution
uex(x1, x2, t) = (1− e−t)(2x+ 2y − xy + 2(1− ev1(x1−1)/ν)(1− ev2(x2−1)/ν)),
where ν = 0.05 is the constant determining the steepness of the boundary layer in
the exact solution. The problem is solved on a sequence of non-nested nonuniform
space meshes Th1 , Th2 , . . .. On all time levels, the same triangulations are used.
Figs. 1 and 2 show the coarsest mesh Th1 and the mesh Th4 , respectively. We inspect
Figure 1. Coarse mesh. Figure 2. Fine mesh.
the experimental order of convergence (EOC) with respect to τ and h, which vary
simultaneously due to condition (6.37). For successive pairs (τ, h) and (τ ′, h′) we
evaluate the experimental order of convergence in space and time defined as
EOCspace =
log(‖eτ ′h′‖)− log(‖eτh‖)
log h′ − logh , EOCtime =
log(‖eτ ′h′‖)− log(‖eτh‖)
log τ ′ − log τ ,
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where eτh = uex − U is the error of the method when the exact solution uex is
approximated by the DG approximate solution U computed with the aid of a space
triangulation of size h and a time interval partition of size τ . As ‖ · ‖ we use the
norm ‖ · ‖L2(QT )-norm (i.e., L2(L2)-norm) and the seminorm
√
ε| · |L2(0,T ;H1(Ω,Th))
(i.e.,
√
εL2(H1)-seminorm). Moreover, we compute the global orders of convergence.
We approximate
‖eτh‖ ≈ C1hr + C2τs
by the method of least squares, using the MINPACK package [34]. The results are











h τ ‖eτh‖L2(L2) ‖eτh‖√εL2(H1) EOC0space EOC0time EOC1space EOC1time
0.2838 0.2500 4.5853E − 02 1.9970E − 01 – – – –
0.2172 0.2000 3.5474E − 02 1.5372E − 01 0.96 1.15 0.98 1.17
0.1540 0.1667 2.2387E − 02 1.2782E − 01 1.34 2.52 0.54 1.01
0.1035 0.1000 1.2945E − 02 8.9991E − 02 1.38 1.07 0.88 0.69
0.0768 0.0769 5.3557E − 03 5.7493E − 02 2.95 3.36 1.50 1.71
0.0532 0.0526 2.3742E − 03 3.7567E − 02 2.22 2.14 1.16 1.12
0.0398 0.0400 1.3345E − 03 2.6438E − 02 1.98 2.10 1.21 1.28
0.0270 0.0270 5.2577E − 04 1.6779E − 02 2.40 2.38 1.17 1.16
Global order of convergence 2.07 2.11 1.07 1.11
Table 1. ε = 0.005, p = 1, q = 1 (parabolic case).
h τ ‖eτh‖L2(L2) ‖eτh‖√εL2(H1) EOC0space EOC0time EOC1space EOC1time
0.2838 0.2500 2.0470E − 02 8.7193E − 02 – – – –
0.2172 0.2000 1.0103E − 02 5.5539E − 02 2.64 3.16 1.69 2.02
0.1540 0.1667 4.3992E − 03 3.4110E − 02 2.42 4.56 1.42 2.67
0.1035 0.1000 1.6821E − 03 1.7835E − 02 2.42 1.88 1.63 1.27
0.0768 0.0769 4.9668E − 04 7.7827E − 03 4.08 4.65 2.78 3.16
0.0532 0.0526 1.6550E − 04 3.3350E − 03 3.00 2.90 2.31 2.23
0.0398 0.0400 7.7630E − 05 1.8029E − 03 2.61 2.76 2.12 2.24
0.0270 0.0270 2.7654E − 05 7.0749E − 04 2.66 2.63 2.41 2.39
Global order of convergence 2.89 2.78 2.05 2.41
Table 2. ε = 0.005, p = 2, q = 2 (parabolic case).
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h τ ‖eτh‖L2(L2) EOC0space EOC0time
0.2838 0.2500 4.9212E − 02 – –
0.2172 0.2000 3.8843E − 02 0.89 1.06
0.1540 0.1667 2.5997E − 02 1.17 2.20
0.1035 0.1000 1.5581E − 02 1.29 1.00
0.0768 0.0769 6.9089E − 03 2.72 3.10
0.0532 0.0526 3.2904E − 03 2.02 1.95
0.0398 0.0400 1.8620E − 03 1.96 2.07
0.0270 0.0270 7.5458E − 04 2.32 2.30
Global order of convergence 1.95 1.99
Table 3. ε = 0, p = 1, q = 1 (hyperbolic case).
h τ ‖eτh‖L2(L2) EOC0space EOC0time
0.2838 0.2500 2.3451E − 02 – –
0.2172 0.2000 1.2484E − 02 2.36 2.83
0.1540 0.1667 6.1746E − 03 2.05 3.86
0.1035 0.1000 2.6342E − 03 2.14 1.67
0.0768 0.0769 8.0848E − 04 3.95 4.50
0.0532 0.0526 2.6400E − 04 3.05 2.95
0.0398 0.0400 1.0761E − 04 3.09 3.27
0.0270 0.0270 2.7962E − 05 3.47 3.44
Global order of convergence 2.87 2.98
Table 4. ε = 0, p = 2, q = 2 (hyperbolic case).
Our DGFE computations were carried out with the aid of the FreeFEM++modelling
environment from [27] which was adapted to the DGFE space-time discretization.
The time integrals were evaluated by quadrature formulae exact for polynomials
of degree 5 and 9 in the case of elements linear in time and quadratic in time,
respectively. The quadrature formulae used for integration over the triangles and
their sides were exact for polynomials of degree 5 both for the linear and quadratic
elements. The nonsymmetric linear problem was solved in each time step by the
multifrontal direct solver UMFPACK ([12]).
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8. Conclusion
Under assumptions (A), a)–h) from the first section, the assumption of uniform
shape regularity of meshes on individual time levels, nondegeneracy of faces Γij , some
relations between time steps and space mesh sizes and a certain regularity of the
exact solution, we have derived L2(L2) and
√
εL2(H1) estimates for the error of the
approximate solution by the separated space-time discontinuous Galerkin method,
using polynomials of degree p in space and q in time and, in general, different space
grids on different time levels. The error is then of order O(hp + τ q). The estimate
holds true even if ε = 0 (hyperbolic case).
Computational results shown in Section 7 indicate that the error estimates are
suboptimal in the L2(L2)-norm, but optimal in
√
εL2(H1)-seminorm. On the other
hand, they are uniform with respect to the diffusion coefficient ε → 0+. Moreover,
the method allows us to use different nonconforming space meshes with hanging
nodes on different time levels, which plays an importnat role in time dependent
adaptive mesh refinement in the space domain Ω. From this point of view it will be
suitable to carry out numerical experiments for this situation in order to examine
the influence of the use of time dependent triangulations in the domain Ω. Another
question is the choice of q = 0, when our method can be treated as backward Euler’s
scheme. The technique applied here does not allow to analyze this case. This was
carried out in [16], but the error estimate obtained blows up for ε→ 0+.
From the analysis presented here one can see that further modifications and gen-
eralizations are possible, namely the use of quadrilateral space elements and/or the
application of the hp-version of the DGFE discretization. The analysis of this case
can be performed following the above results and estimates from, e.g., [28] and [43].
Further open problems are the derivation of optimal error estimates in the case when
the SIPG variant of the DG space discretization of the diffusion terms is used, the
analysis of the effect of numerical integration, extension to nonlinear convection-
diffusion problems (solved in [20] and [14] by the method of lines), derivation of a
posteriori error estimates, and last but not least, the application of the DG space-
time discretization to the solution of some nonstationary technically relevant prob-




of Lemma 16. For each estimate we shall first make use of Lemma 13
(estimate (6.19) where we set ψ := PmΠmu) and in estimating individual terms com-
ing from (6.19) use Lemma 14 (estimates (6.25)–(6.31)), Lemma 15 (estimates (6.32)
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and (6.33)), assumption (6.37) and standard tools (Young’s inequality, multiplicative
trace inequality (3.41), inverse inequality (3.42)).



























































































































































6 C2BC2P τ2qm |u|2Hq+1(Im;H1(Ω)).
Estimates (9.1)–(9.4) imply (6.38).
















































































6 C2P τ2qm |u|2Hq+1(Im;L2(Ω)).
Estimate (9.8) is obtained in a way similar to (9.7). From (9.5)–(9.8) we get (6.39).
Estimate (6.40) is obtained in a way similar to (6.39), writing Ki instead of Ω and
using assumption (6.37).

















Jh,m((Πmu− PmΠmu)′, (Πmu− PmΠmu)′) dt.





























































Further, again the use of (3.41), Lemma 14, assumption (6.37) and a process similar
to that in the proof of (9.6)–(9.8) and (9.3) yield
∫
Im






































































Similarly, using the process from (9.4) and (9.8), we get
∫
Im















































Estimates (9.9)–(9.12) imply (6.41).









































































m (3CS |u|2Hq+1(Im;L2(Ω)) + C
2
Bhτm|u|2Hq+1(Im;H1(Ω))).
Here, in (9.13) we proceeded in the same way as in (9.10), in (9.14) in the same way
as in (9.11) and in (9.15) in the same way as in (9.12). These estimates imply (6.42).
















































































Here our argumentation is more brief, because the estimates are almost the same
as in the case of the H1(Ω, Th,m)-norm. The only difference is that in (9.18) and






Estimates (9.16)–(9.19) yield (6.43).




















which is (6.44). 
230
References
[1] D.N. Arnold: An interior penalty finite element method with discontinuous elements.
SIAM J. Numer. Anal. 19 (1982), 742–760. zbl
[2] D.N. Arnold, F. Brezzi, B. Cockburn, and D. Marini: Discontinuos Galerkin meth-
ods for elliptic problems. In: Discontinuous Galerkin methods. Theory, Computa-
tion and Applications. Lect. Notes Comput. Sci. Eng. 11 (B. Cockburn et al., eds.).
Springer-Verlag, Berlin, 2000, pp. 89–101. zbl
[3] D.N. Arnold, F. Brezzi, B. Cockburn, and D. Marini: Unified analysis of discontinuous
Galerkin methods for elliptic problems. SIAM J. Numer. Anal. 39 (2002), 1749–1779. zbl
[4] I. Babuška, C.E. Baumann, and J.T. Oden: A discontinuous hp finite element method
for diffusion problems, 1-D analysis. Comput. Math. Appl. 37 (1999), 103–122. zbl
[5] F. Bassi, S. Rebay: A high-order accurate discontinuous finite element method for the
numerical solution of the compressible Navier-Stokes equations. J. Comput. Phys. 131
(1997), 267–279. zbl
[6] F. Bassi, S. Rebay: High-order accurate discontinuous finite element solution of the
2D Euler equations. J. Comput. Phys. 138 (1997), 251–285. zbl
[7] C.E. Baumann, J.T. Oden: A discontinuous hp finite element method for the Euler
and Navier-Stokes equations. Int. J. Numer. Methods Fluids 31 (1999), 79–95. zbl
[8] P.G. Ciarlet: The Finite Element Method for Elliptic Problems. North-Holland, Ams-
terdam, 1978. zbl
[9] B. Cockburn: Discontinuous Galerkin methods for convection-dominated problems. In:
High-Order Methods for Computational Physics. Lect. Notes Comput. Sci. Eng. 9
(T. J. Barth, H. Deconinck, eds.). Springer-Verlag, Berlin, 1999, pp. 69–224. zbl
[10] Discontinuous Galerkin Methods. Lect. Notes Comput. Sci. Eng. 11 (B. Cockburn,
G. E. Karniadakis, and C.-W. Shu, eds.). Springer-Verlag, Berlin, 2000. zbl
[11] B. Cockburn, C.W. Shu: TVB Runge-Kutta local projection discontinuous Galerkin
finite element method for conservation laws II. General framework. Math. Comp. 52
(1989), 411–435. zbl
[12] T.A. Davis, I. S. Duff: A combined unifrontal/multifrontal method for unsymmetric
sparse matrices. ACM Trans. Math. Softw. 25 (1999), 1–20. zbl
[13] V. Dolejší, M. Feistauer: On the discontinuous Galerkin method for the numerical so-
lution of compressible high-speed flow. In: Numerical Mathematics and Advanced Ap-
plications, ENUMATH 2001 (F. Brezzi, A. Buffa, S. Corsaro, and A. Murli, eds.).
Springer-Verlag, Berlin, 2003, pp. 65–83. zbl
[14] V. Dolejší, M. Feistauer: Error estimates of the discontinuous Galerkin method for non-
linear nonstationary convection-diffusion problems. Numer. Funct. Anal. Optimization
26 (2005), 349–383. zbl
[15] V. Dolejší, M. Feistauer: A semi-implicit discontinuous Galerkin finite element method
for the numerical solution of inviscid compressible flow. J. Comput. Phys. 198 (2004),
727–746. zbl
[16] V. Dolejší, M. Feistauer, and J. Hozman: Analysis of semi-implicit DGFEM for non-
linear convection-diffusion problems on nonconforming meshes. Preprint No. MATH-
knm-2005/1. Charles University Prague, School of Mathematics, 2005; Comput. Meth-
ods Appl. Mech. Eng. In press. (doi:10.1016/j.cma.2006.09.025).
[17] V. Dolejší, M. Feistauer, and V. Kučera: On a semi-implicit discontinuous Galerkin
FEM for the nonstationary compressible Euler equations. In: Hyperbolic Problems:
Theory, Numerics and Applications. I. Proc. 10th International Conference Osaka,
September 2004 (F. Asakura, H. Aiso, S. Kawashima, A. Matsumura, S. Nishibata,
and K. Nishihara, eds.). Yokohama Publishers, Yokohama, 2006, pp. 391–398. zbl
231
[18] V. Dolejší, M. Feistauer, and C. Schwab: A finite volume discontinuous Galerkin scheme
for nonlinear convection-diffusion problems. Calcolo 39 (2002), 1–40. zbl
[19] V. Dolejší, M. Feistauer, and C. Schwab: On some aspects of the discontinuous Galerkin
finite element method for conservation laws. Math. Comput. Simul. 61 (2003), 333–346. zbl
[20] V. Dolejší, M. Feistauer, and V. Sobotíková: A discontinuous Galerkin method for non-
linear convection-diffusion problems. Comput. Methods Appl. Mech. Eng. 194 (2005),
2709–2733.
[21] J. Douglas, T. Dupont: Interior penalty procedures for elliptic and parabolic Galer-
kin methods. In: Computing methods in applied sciences (Second Internat. Sympos.,
Versailles, 1975). Lect. Notes Phys., Vol. 58. Springer-Verlag, Berlin, 1976, pp. 207–216.
[22] K. Eriksson, D. Estep, P. Hansbo, and C. Johnson: Computational Differential Equa-
tions. Cambridge University Press, Cambridge, 1996. zbl
[23] K. Eriksson, C. Johnson, and V. Thomée: Time discretization of parabolic problems
by the discontinuous Galerkin method. RAIRO, Modélisation Math. Anal. Numér. 19
(1985), 611–643. zbl
[24] M. Feistauer, V. Kučera: Solution of compressible flow with all Mach numbers. In: Eu-
ropean Conference on Computational Fluid Dynamics, ECCOMAS CFD 2006 (P. Wes-
seling, E. Onate, and J. Périaux, eds.). TU Delft, The Netherlands, 2006, published
electronically.
[25] M. Feistauer, K. Švadlenka: Discontinuous Galerkin method of lines for solving non-
stationary singularly perturbed linear problems. J. Numer. Math. 12 (2004), 97–117.
zbl
[26] R. Hartmann, P. Houston: Adaptive discontinuous Galerkin finite element methods for
the compressible Euler equations. Technical Report 2001-42 (SFB 359), IWR Heidel-
berg.
[27] F. Hecht, O. Pironneau, and A.Le Hyaric: www.freefem.org/ff++.
[28] P. Houston, C. Schwab, and E. Süli: Discontinuous hp-finite element methods for ad-
vection-diffusion-reaction problems. SIAM J. Numer. Anal. 39 (2002), 2133–2163. zbl
[29] J. Jaffre, C. Johnson, and A. Szepessy: Convergence of the discontinuous Galerkin finite
element method for hyperbolic conservation laws. Math. Models Methods Appl. Sci. 5
(1995), 367–386. zbl
[30] C. Johnson, J. Pitkäranta: An analysis of the discontinuous Galerkin method for a scalar
hyperbolic equation. Math. Comp. 46 (1986), 1–26. zbl
[31] A. Kufner, O. John, and S. Fučík: Function Spaces. Academia, Praha, 1977. zbl
[32] P. Le Saint, P.-A. Raviart: On a finite element method for solving the neutron transport
equation. In: Mathematical Aspects of Finite Elements in Partial Differential Equations
(C. de Boor, ed.). Academic Press, 1974, pp. 89–145.
[33] J.-L. Lions: Quelques méthodes de résolution des problémes aux limites non linéaires.
Dunod, Paris, 1969. zbl
[34] www.netlib.org/minpack. University of Chicago, Operator of Argonne Laboratory
(1999).
[35] J.T. Oden, I. Babuška, and C.E. Baumann: A discontinuous hp finite element method
for diffusion problems. J. Comput. Phys. 146 (1998), 491–519. zbl
[36] W.H. Reed, T.R. Hill: Triangular mesh methods for the neutron transport equation.
Technical Report LA-UR-73-479. Los Alamos Scientific Laboratory, 1973.
[37] K. Rektorys: The Method of Discretization in Time and Partial Differential Equations.
Reidel, Dordrecht, 1982. zbl
[38] B. Rivière, M.F. Wheeler: A discontinuous Galerkin method applied to nonlinear
parabolic equations. In: Discontinuous Galerkin methods. Theory, Computation
232
and Applications. Lect. Notes in Comput. Sci. Eng. 11 (B. Cockburn et al., eds.).
Springer-Verlag, Berlin, 2000, pp. 231–244. zbl
[39] B. Rivière, M. F. Wheeler: Non-conforming methods for transport with nonlinear reac-
tion. Contemp. Math. 295 (2002), 421–432. zbl
[40] B. Rivière, M.F. Wheeler, and V. Girault: Improved energy estimates for interior
penalty, constrained and discontinuous Galerkin methods for elliptic problems. I. Com-
put. Geosci. 3 (1999), 337–360. zbl
[41] B. Rivière, M. F. Wheeler, and V. Girault: A priori error estimates for finite element
methods based on discontinuous approximation spaces for elliptic problems. SIAM
J. Numer. Anal. 39 (2001), 902–931. zbl
[42] H.-G. Roos, M. Stynes, and L. Tobiska: Numerical Methods for Singularly Perturbed
Differential Equations. Convection-Diffusion and Flow Problems. Springer-Verlag,
Berlin, 1996. zbl
[43] D. Schötzau: hp-DGFEM for Parabolic Evolution Problems. Applications to Diffu-
sion and Viscous Incompressible Fluid Flow. PhD. Dissertation ETH No. 13041. ETH,
Zürich, 1999.
[44] D. Schötzau, C. Schwab: An hp a priori error analysis of the discontinuous Galerkin
time-stepping for initial value problems. Calcolo 37 (2000), 207–232. zbl
[45] S. Sun, M.F. Wheeler: L2(H1)-norm a posteriori error estimation for discontinuous
Galerkin approximations of reactive transport problems. J. Sci. Comput. 22–23 (2005),
501–530. zbl
[46] S. Sun, M.F. Wheeler: Symmetric and nonsymmetric discontinuous Galerkin methods
for reactive transport in porous media. SIAM J. Numer. Anal. 43 (2005), 195–219. zbl
[47] S. Sun, M.F. Wheeler: Discontinuous Galerkin methods for coupled flow and reactive
transport problems. Appl. Numer. Math. 52 (2005), 273–298. zbl
[48] J. J.W. van der Vegt, H. van der Ven: Space-time discontinuous Galerkin finite element
method with dynamic grid motion for inviscid compressible flow. I. General formulation.
J. Comput. Phys. 182 (2002), 546–585. zbl
[49] T. Werder, K. Gerdes, D. Schötzau, and C. Schwab: hp-discontinuous Galerkin time
stepping for parabolic problems. Comput. Methods Appl. Mech. Eng. 190 (2001),
6685–6708. zbl
[50] M.F. Wheeler: An elliptic collocation-finite element method with interior penalties.
SIAM J. Numer. Anal. 15 (1978), 152–161. zbl
Authors’ address: M. Feistauer, J. Hájek, K. Švadlenka, Charles University in Prague,
Faculty of Mathematics and Physics, Sokolovská 83, 186 75 Praha 8, Czech Republic, e-mail:
feist@karlin.mff.cuni.cz.
233
